Abstract. In this paper we investigate the relation between the multiplicities of split abelian chief factors of finite-dimensional Lie algebras and first degree cohomology. In particular, we obtain a characterization of modular solvable Lie algebras in terms of the vanishing of first degree cohomology or in terms of the multiplicities of split abelian chief factors. The analogues of these results are well known in the modular representation theory of finite groups. An important tool in the proof of these results is a refinement of a non-vanishing theorem of Seligman for the first degree cohomology of non-solvable finitedimensional Lie algebras in prime characteristic. As applications we derive several results in the representation theory of restricted Lie algebras related to the principal block and the projective cover of the trivial irreducible module of a finite-dimensional restricted Lie algebra. In particular, we obtain a characterization of solvable restricted Lie algebras in terms of the second Loewy layer of the projective cover of the trivial irreducible module.
Introduction
W. Gaschütz proved the "only if"-part of the following cohomological vanishing theorem for finite p-solvable groups (see [22, Lemma 1] ), and the converse is due to U. Stammbach [22, Theorem A] . Here and in the following p is an arbitrary prime number, and G is a finite group whose order is divisible by p. Moreover, let F p [G] denote the group algebra of G over the field F p with p elements, and let C G (M ) := {g ∈ G | g · m = m for every m ∈ M } denote the centralizer of a (unital left) F p [G]-module M in G.
Theorem 1.1. A finite group G is p-solvable if, and only if, H 1 (G/C G (S), S) = 0 for every irreducible F p [G]-module S.
Let S be an irreducible F p [G]-module. Then [G : S] split denotes the number of p-elementary abelian chief factors G j /G j−1 (1 ≤ j ≤ n) of a given chief series {1} = G 0 ⊂ G 1 ⊂ · · · ⊂ G n = G that are isomorphic to S as F p [G]-modules and for which the exact sequence {1} → G j /G j−1 → G/G j−1 → G/G j → {1} splits in the category of groups. According to the main result of [23] , [G : S] split is independent of the choice of the chief series of G.
W. Gaschütz also proved the "only if"-part of the following result on split (or complementable) p-chief factors of finite p-solvable groups (see [17, Theorem VII.15.5] ). The converse of Gaschütz' theorem is due to U. Stammbach [23, Corollary 1] ), but in an equivalent form it was already proved earlier by W. Willems [ The main goal of this paper is to investigate whether analogues of Theorem 1.1 and Theorem 1.2 hold in the context of ordinary Lie algebras. Some time ago in an unpublished manuscript the first author of this paper has obtained analogues of these results for restricted Lie algebras (see [11, Remark after Theorem 7] ). The crucial point in the argument is an analogue of Theorem 1.1 for ordinary Lie algebras (see [12, Proposition 1] ). The proof in [12] was a modification of the proof of a similar characterization of supersolvable Lie algebras due to D. W. Barnes (see [2, Theorem 4] ). It turns out that there is a gap in both these proofs which will be fixed in the present paper. This is achieved by applying Shapiro's lemma for truncated coinduced modules (see [5, Theorem in §5 and Corollary 1 in §3] or [8, Theorem 2.1 and Theorem 1.4]) in order to establish a refinement of a non-vanishing theorem of G. Seligman for the first degree cohomology of a non-solvable finite-dimensional Lie algebra in prime characteristic (see [21, p. 102] ). In this regard our approach is similar to Stammbach's proof of the "if"-part of Theorem 1.1 (see the proof of [22, Lemma 2] ).
We begin with a Lie-theoretic analogue of the main result of [23] (see Theorem 2.1). This result is already contained in the first author's unpublished manuscript (see [11, Lemma 5] ), but the proof there implicitly uses that the multiplicity of split abelian chief factors isomorphic to a given irreducible module is independent of the chief series. The proof given here follows the argument used in the proof of [11, Lemma 5] , but also deals with a case not considered in [11] . As a consequence of Theorem 2.1 and Barnes' cohomological vanishing theorem for solvable Lie algebras (see [1, Theorem 2] ), one obtains the Lie-theoretic analogue of Gaschütz' theorem on split p-chief factors (see Theorem 2.3). In the third section we show that for fields of characteristic zero the analogues of the conditions in Theorem 1.1 and Theorem 1.2 are always satisfied. Thus, as in the group case, only modular solvable Lie algebras can be characterized by these properties. This will be the main goal of the fourth section (see Theorem 4.3). In the final section we apply the results obtained in Sections 2 and 4 to restricted Lie algebras. The equivalence (i)⇐⇒(viii) in Theorem 5.5 is an analogue of Willems' module-theoretic characterization of psolvable groups (see [25, Theorem 3.9] ) for restricted Lie algebras. As a by-product we establish several results on the second Loewy layer of the projective cover of the trivial irreducible module. Most of the results in Section 5 were already contained in [11, Section 4] , but have never been published before.
Split abelian chief factors and first degree cohomology
In analogy to group theory we define a chief series for a finite-dimensional Lie algebra L to be an
is an abelian chief factor if it is an abelian Lie algebra. For a finite-dimensional irreducible L-module S and a given chief series 0
S] split the number of abelian chief factors L j /L j−1 that are isomorphic to S as an L-module and for which the exact sequence 0
splits in the category of Lie algebras. Observe that any composition series of the adjoint L-module is also a chief series of L and vice versa. (But note that split chief factors do not necessarily split in the category of L-modules, e.g., this happens for the one-dimensional ideal of the non-abelian two-dimensional Lie algebra.) However, only abelian chief factors will be relevant for our purpose. (Note that every chief factor of a solvable Lie algebra is abelian.) As we will show that [L : S] split is independent of the choice of the chief series, we will not indicate the chief series in the notation.
Our first result is completely analogous to the main result of [23] 
holds. In particular, [L : S] split is independent of the choice of the chief series of L.
Proof.
We proceed by induction on the dimension of L. If L is one-dimensional, then the assertion is easy to check. Thus we may assume that the dimension of L is greater than one, and that the claim holds for all Lie algebras of dimension less than dim (1) is zero. But as abelian chief factors have non-zero annihilators, the left-hand side also vanishes and the assertion holds. So we may assume that Ann L (S) = 0.
Firstly, we assume that L 1 is contained in Ann L (S). Then the five-term exact sequence for Lie algebra cohomology (see [16, Theorem 6] ) specializes to
Since S is also an irreducible L/L 1 -module, one obtains by induction that
As L 1 is a minimal ideal of L, L 1 is either perfect or abelian. In the former case, the third term in (2) vanishes, and therefore S) vanishes, and the assertion follows as before.
For L 1 ∼ = S one has to distinguish two cases: The abelian chief factor L 1 is split, or not split. In case that L 1 is split, one has
and [2, Lemma 2(a)] shows that the transgression Hom
Thus the exactness of (2) implies that the restriction
is surjective, and therefore
Thus (4) and (5) yield the assertion. Suppose that L 1 is not split. In this case the transgression Hom
Finally, assume that
that the vertical mappings in the commutative diagram
are isomorphisms. Hence, because β is an isomorphism, α is an isomorphism as well. This shows that in this case the right-hand side of (1) is also zero.
Since the right-hand side of (1) does not depend on the choice of the chief series, the left-hand side does not either. This completes the proof of the theorem.
In the extreme case Ann L (S) = L, Theorem 2.1 has the following implication:
The analogue of Gaschütz' theorem on split p-chief factors (see the "only if"-part of Theorem 1.2 in the introduction) for solvable Lie algebras is another immediate consequence of Theorem 2.1 in conjunction with [ 
The same is also true for any finite-dimensional Lie algebra in characteristic zero (see the remark after [11, Lemma 5] ) as we will prove in the next section.
Lie algebras in characteristic zero
We begin by proving that in characteristic zero the cohomology of finite-dimensional faithful irreducible modules always vanishes (see the remark after [12, Proposition 1]): Theorem 3.1. Let L = 0 be a finite-dimensional Lie algebra over a field of characteristic zero, and let S be a finite-dimensional faithful irreducible L-module. Then H n (L, S) = 0 for every non-negative integer n.
Proof. Since S is faithful and irreducible, we have that S L = 0. If L is semisimple, then the assertion is an immediate consequence of Whitehead's cohomological vanishing theorem (see [19, Theorem 14, p. 96] ). Otherwise L has a non-zero abelian ideal I.
As S I is an L-submodule of the faithful irreducible L-module S, we obtain that S I = 0. Then it follows from [1, Theorem 1] that H n (I, S) = 0 for every positive integer n. Finally, from the Hochschild-Serre spectral sequence (see [16, Theorem 6] 
In particular, we have the following characteristic zero version of Barnes' cohomological vanishing theorem [1, Theorem 2]:
. Let L be a finite-dimensional Lie algebra over a field of characteristic zero, and let
for every positive integer n.
As a consequence of Theorem 2.1 and Corollary 3.2, we obtain the following result on split abelian chief factors and first degree cohomology in characteristic zero which generalizes [2, Theorem 2]:
holds for every finite-dimensional irreducible L-module S.
Lie algebras in prime characteristic
The next result will be essential in proving Theorem 4.2 and thereby correcting the gap in the proof of [12, Proposition 1] . Let U (L) denote the universal enveloping algebra of a Lie algebra L over a field of prime characteristic p and recall that O(L, I) is the unital associative subalgebra of U (L) generated by I ∪ {z 1 , . . . , z k }, where I is an ideal of L and the elements z i := e Proof. Since I has codimension one in L, there exists t ∈ L such that L = Ft ⊕ I. Consider first the induced module M := U (L)⊗ U(I) S * , where S * denotes the linear dual of S which is also an irreducible I-module. For any non-negative integer n put
By virtue of the Cartan-Weyl formula (see [24, Proposition 1.1.3(4)]), F n (M ) is an I-submodule of M for every n, and (F n (M )) n≥0 is an exhaustive increasing filtration of M . Set gr n (M ) := F n (M )/F n−1 (M ) for any non-negative integer n. Then left multiplication by t induces an isomorphism gr n (M ) → gr n+1 (M ) of I-modules. In particular, gr n (M ) ∼ = S * for every non-negative integer n. Hence (F n (M )) n≥0 is a composition series of M considered as an I-module. Proof. Suppose that the assertion is false. Then there exists a non-solvable Lie algebra L of minimal dimension with the property that H 1 (L/ Ann L (S), S) = 0 for every irreducible L-module S.
We first show that every proper factor algebra of L is solvable. Suppose on the contrary that L := L/K is not solvable for some non-zero ideal K of L. Since L has smaller dimension than L, there exists an irreducible L-module S satisfying H 1 (L/ Ann L (S), S) = 0. Let S denote the L-module which is equal to S as a vector space and whose L-action is induced by the L-action on S. Hence, by construction, Ann L (S) = Ann L (S)/K, and therefore
Next, we prove that L has a unique minimal ideal. Suppose on the contrary that there exist two different minimal ideals J 1 and J 2 of L. The minimality of J 1 and J 2 implies that J 1 ∩ J 2 = 0, and thus L can be embedded into L/J 1 × L/J 2 which is solvable. This is a contradiction, and therefore L has a unique minimal ideal which we denote by Soc(L).
Since
is not abelian and L/ Soc(L) = 0. Suppose on the contrary that L = Soc(L). As Soc(L) is the unique minimal ideal of L, it is contained in every non-zero ideal of L, and so we obtain that L is simple. According to a result of Seligman [21, p. 102 ] and the long exact sequence in cohomology, there exists an irreducible L-module S satisfying H 1 (L, S) = 0. As L is perfect, one has H 1 (L, F) = 0. Hence S is non-trivial, and by the simplicity of L, we obtain that Ann L (S) = 0. Consequently, L cannot be a counterexample to the assertion of the theorem which again is a contradiction. Now we prove that L has an ideal I of codimension one. In particular, I is not solvable. 
Hence by the long exact sequence in cohomology there exists an irreducible composition factor X of the L-module
According to Proposition 4.1, every composition factor of the restriction of Hom O(L,I) (U (L), S) to I is isomorphic to S. Since X is a composition factor of Hom O(L,I) (U (L), S), every composition factor of the restriction of X to I is also isomorphic to S. In particular, the socle of X is isomorphic to a direct sum of copies of S. Consequently, Ann I (X) ⊆ Ann I (S) = 0. Suppose that Ann L (X) = 0. Then 0 = Soc(L) ⊆ Ann L (X) ∩ I = Ann I (X) which is a contradiction. Hence Ann L (X) = 0. But this shows that X is a faithful irreducible L-module such that H 1 (L, X) = 0 contradicting the choice of L.
We are ready to prove the following characterization of solvable Lie algebras over fields of prime characteristic which is the Lie-theoretic analogue of [ 
Proof. The implication (i)=⇒(ii) is just [1, Theorem 2]
, and the equivalence of (ii) and (iii) follows from Theorem 2.1. Finally, the remaining implication (ii)=⇒(i) is just the contraposition of the statement of Theorem 4.2.
Remark. Both the proofs of [2, Theorem 4] ) and [12, Proposition 1] use that for a finite-dimensional Lie algebra L with unique minimal ideal I the vanishing of
. This is not true as the following example shows: For L := Der(psl 3 (F)) and I := psl 3 (F) over any field F of characteristic three one has that L/I ∼ = I, and I is the unique minimal ideal of L. Moreover, 
Restricted Lie algebras
Let A be a finite-dimensional (unital) associative algebra with Jacobson radical Jac(A), and let M be a (unital left) A-module. Then the descending filtration
is called the Loewy series of M and the factor module Jac(A)
Recall that a projective module P A (M ) is a projective cover of M , if there exists an A-module epimorphism π M from P A (M ) onto M such that the kernel of π M is contained in the radical Jac(A)P A (M ) of P A (M ). If projective covers exist, then they are unique up to isomorphism. It is well known that projective covers of finite-dimensional modules over finite-dimensional associative algebras exist and are again finite-dimensional. Moreover, every projective indecomposable A-module is isomorphic to the projective cover of some irreducible A-module. In this way one obtains a bijection between the isomorphism classes of the projective indecomposable A-modules and the isomorphism classes of the irreducible A-modules.
Let L be a finite-dimensional restricted Lie algebra over a field F of prime characteristic, and let u(L) denote the restricted universal enveloping algebra of L (see [19, p. 192] or [24, p. 90] ). Then every restricted L-module is an u(L)-module and vice versa, and so there is a bijection between the irreducible restricted L-modules and the irreducible u(L)-modules. In particular, as u(L) is finite-dimensional (see [19, Theorem 12, p. 191] or [24, Theorem 2.5.1(2)]), every irreducible restricted Lmodule is finite-dimensional. In the sequel we use the notation P L (F) := P u(L) (F) for the projective cover of the trivial irreducible L-module. Following Hochschild [15] we define the restricted cohomology of L with coefficients in a restricted L- F, M ) for every non-negative integer n. Using [3, Proposition 2.4.3] and Theorem 2.1 we obtain a lower bound for the multiplicity of a non-trivial irreducible restricted L-module in the second Loewy layer of P L (F) (see [25, Theorem 3.7] for the analogue in the modular representation theory of finite groups):
holds for every non-trivial irreducible restricted L-module S.
Proof. Since S is not trivial, it follows from the beginning of Hochschild's six-term exact sequence relating ordinary and restricted cohomology [15, p. 575 ] (see also [12, Lemma 2(b) 
Cancelling dim F End L (S) yields the desired inequality.
Remark. If one uses the main result of [23] instead of Theorem 2.1, then the above proof would also work in the case of finite-dimensional modular group algebras. This provides an alternative proof of [25, Theorem 3.7] .
Example. Consider the three-dimensional simple Lie algebra L := sl 2 (F) over an algebraically closed field F of characteristic p > 2. Take for Consider the non-abelian two-dimensional restricted Lie algebra
Then it is well known that 
. This in conjunction with Corollary 2.2 shows that Theorem 5.1 is not true for the trivial irreducible L-module.
As an immediate consequence of Theorem 5.1, we obtain the following weak analogue of a well-known result for finite modular group algebras: Corollary 5.2. Every non-trivial split chief factor of a finite-dimensional solvable restricted Lie algebra L is a direct summand of the second Loewy layer of the projective cover P L (F) of the trivial irreducible L-module. In particular, every split chief factor of a finite-dimensional solvable restricted Lie algebra L is a composition factor of P L (F).
Recall that the principal block of a restricted Lie algebra is the block that contains the trivial irreducible module.
Question. In view of Corollary 5.2, it is natural to ask whether every chief factor of a finite-dimensional solvable restricted Lie algebra L is a composition factor of P L (F), or even more generally (see Proposition 5.4 below), whether every irreducible module in the principal block of u(L) is a composition factor of P L (F) (for an affirmative answer to the analogous question in the modular representation theory of finite p-solvable groups see [17, Theorem VII.15.8] 
Remark. Note that the second equality in Proposition 5.3 remains true for an arbitrary finite-dimensional restricted Lie algebra. This implies that the reverse inequality of Theorem 5.1 holds for the trivial irreducible module.
For the convenience of the reader we include a proof of the following result which in the case of solvable restricted Lie algebras is already contained in a previous paper of the first author (see [13, Proposition 2] ). Proof. Let S = I/J be an abelian chief factor of L. In particular, S is a trivial I-module. Then the five-term exact sequence for ordinary cohomology (see [16, Theorem 6] 
Since the third term is non-zero, the second or fourth term must also be nonzero. In the first case we obtain from Hochschild's six-term exact sequence relating ordinary and restricted cohomology [15, Finally, we obtain the following characterization of solvable restricted Lie algebras which was motivated by [25, Theorem 3.9 ] (see also [11, Remark after Theorem 7] ) for the equivalence of (i), (vi), and (viii) as well as [12, Theorem 1] for the equivalence of (i), (iv), and (v)). Proof. The equivalence of (i) and (ii) follows from Theorem 4.3 in conjunction with [4, Theorem 2] (see also [14, Corollary 3.2] ) and Ann L (F) = L. The equivalence of (ii) and (iii) is an immediate consequence of Theorem 2.1. The equivalences of (ii) and (iv) as well as (iii) and (vi) follow from Hochschild's six-term exact sequence relating ordinary and restricted cohomology [15, p. 575 ] (see also [12, Lemma 2(b)]). Moreover, [13, Lemma 4] and [12, Lemma 1(a)] yield the equivalence of (iv) and (v). This in conjunction with Proposition 5.4 also shows the equivalence of (vi) and (vii). Finally, the equivalences of (vi) and (viii) as well as (vii) and (ix) are both consequences of dim
It is not surprising that the results in this section do not include the trivial irreducible module. For this it does not suffice to consider abelian chief factors in the category of ordinary Lie algebras, but one has to consider strongly abelian p-chief factors in the category of restricted Lie algebras. We will investigate this in more detail on another occasion.
